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Abstract. Neural networks (NNs) are the core of AI-based technolo-
gies. However, the degree of reliability in performing the task is an open
problem. The explainability of a central task of NNs, classification, is of
immense importance. While at the rise of AI-based reasoning, explain-
ability of the NN classification has mostly been done using statistical
methods, nowadays, a more reliable trend of formal logic-based methods
is gaining popularity. The advantage of the formal approach is that it
gives strict and provable guarantees of the classification. Formal methods
is a mature field that has delivered a number of efficient computational
solutions already applied in the analysis of software and hardware sys-
tems. Formal explainability methods naturally have the ability to reuse
existing techniques and tools for a newly emerging field of formal ex-
plainability of NN classification.
This paper surveys existing efforts to compute explanations of neural
network classification based on logical abductive reasoning. The abduc-
tion approach is crucial for generalizing the results, capturing the un-
derlying behavior of the classifier. We present the existing techniques as
instances of a general formalization that allows contrasting them against
each other. In addition, we discuss the issue of the quality of explanations,
focusing on their key metrics and factors. As an illustrative example, the
paper also presents a practical framework, SpEXplAIn, which automat-
ically computes Space Explanations, the most general abduction-based
explanations for classifying NNs with provable guarantees of the behavior
of the network in continuous areas of the input feature space. The tool
leverages an SMT solver compatible with a range of flexible Craig inter-
polation algorithms and unsatisfiable core generation, and is applicable
to a wide range of applications.

1 Introduction

Classifying neural networks (NNs) are of immense interest and importance in
the research and industry. Nonetheless, despite the enormous complexity, these
machine learning models resemble black boxes and the reasons behind the classi-
fication remain unclear. Explainable artificial intelligence (XAI) reasons through
the classification process and provides human-understandable interpretations:
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Given a NN and a sample point, that is, an assignment of all features of the NN
to concrete values, the problem is to explain the classification outcome computed
by the NN. Many approaches to XAI have been developed over the years:

– The analysis at the unit (neuron) level [23,76], which, however, fails to cap-
ture global properties or dependencies between units.

– Gradient-based methods [68,4], which locally describe the network behavior
around a particular sample.

– Inversion methods [49], which provide global, but only approximate, views.

– Model-agnostic methods [5,48], including SHAP [43], LIME [61] and An-
chors [62], which, however, often yield logically inconsistent explanations [51].

While useful and widely used these methods lack rigor. In this paper, we
focus on alternative rigorous XAI approaches that are based on first-order logic.
Relying on constraint solving and Satisfiability Modulo Theories [56,57] (SMT),
they deliver explanations accompanied by provable guarantees regarding their
correctness. These XAI tools leverage computational engines like Marabou [41]
or SMT solvers [6,16,10,13,21,12]. The explanations are obtained through abduc-
tive reasoning, which originates from program verification [19,1,59,58]. The key
insight is that changing the classification outcome for the input sample point
changes the satisfiability of the logical formula that encodes the XAI-problem.
Thus, if a relaxation of the input constraints in the formula does not affect the
unsatisfiability of the formula, then this relaxation gives a logically guaranteed
generalization of the explanation. Early methods in this domain perform rather
näıve relaxation of input constraints based on exhaustive enumeration of features
and without taking the proof of unsatisfiability into account [32,67,65,51,73,50].
They yield explanations where the behavior outside the space of the underly-
ing dataset or samples generated from the model remains unknown. In contrast,
interval-based explanations [35] are represented by hyperrectangular spaces, but
they still cannot reflect feature relationships to precisely approximate decision
boundaries. Thus, all existing approaches to logic-based XAI are more restrictive
than what the original notion of abductive reasoning could in theory offer.

A breakthrough in logic-based XAI has been recently enabled by the con-
cept of Space Explanations [44] that exploits the proofs of unsatisfiability of
logical formulas as opposed to the structure of these formulas. It yields explana-
tions where subsets of the feature space associated with the formulas are correct
by construction and, in practice, much more general than the ones produced
by the earlier methods. There is, however, no unifying framework to formulate
the outcome expectations of the logic-based approaches, given the diversity of
logic-reasoning tools that are used at the background. Consequently, even the
notion of abduction is often misused. In our overview, we bridge the gaps in
existing formalizations of logic-based methods to obtain explanations and bring
them under the same umbrella. This paper uses a unified formalization for logical
abduction-based explanations of NNs, allows a comprehensive comparison of the
different approaches, provides a unified encoding for the corresponding explain-
ability problems, gives an overview of existing algorithms solving the addressed
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problems, and provides an extensive discussion on the quality of abduction-based
explanations.

Moreover, the paper demonstrates the first tool to automatically generate
space explanations called SpEXplAIn4. At the heart of SpEXplAIn, Craig in-
terpolation [15] extracts a reason why the given input cannot change the classi-
fication from the logical proof. The tool is flexible and accepts optional configu-
rations from the user, allowing them to tune various properties of the explana-
tions, such as the logical strength or the size of the formula, and it can generalize
existing space explanations. Notably, the tool can provide human-recognizable
interpretations by plugging in different visualization methods. SpEXplAIn is
applicable to a wide range of applications which the paper illustrates on several
real-life case studies and showcases that the explanations can be visualized and
provide meaningful feedback to the user.

2 Background

A classification task involves mapping input data into a predefined set of classes.
In this context, we are given a set of features F = {1, . . . ,m} and a finite set of
classes K = {c1, c2, . . . , cK}. Each feature i ∈ F takes values from a discrete or
continuous domain Di. The set of domains is represented by D = {D1, . . . ,Dm}.
The feature space is defined as F = D1 ×D2 × · · · × Dm.

The notation x = (x1, . . . , xm) is used for an arbitrary point in feature space,
where each xi is a feature variable taking values from Di. Where clear from con-
text, we will abbreviate feature variables as features. The notation s= (s1, ..., sm)
represents a specific sample point in the feature space (i.e., s ∈ F), where each
si is a constant representing one concrete value from Di.

A classifier M = (F ,D,F,K, κ) is characterized by a classification function
κ : F → K that maps the feature space F into the set of classes K. An instance
is denoted as a pair (s, c), where s ∈ F and c ∈ K is a prediction c = κ(s).
The classification function κ is usually estimated from a set of sample points for
which the correct class c is known (the training data).

(Classifying) Neural Networks are a specific class of general classifiers. A (feed-
forward) neural network is represented by a graph G = (E, V ) with the set of
edges E and the set of vertices V , representing the neurons and their weighted
connections, respectively. The neurons are partitioned into layers V0, . . . , VL
where each Vl contains neurons v

(l)
i , i ∈ {1, . . . , n(l)}. Layer V0 is the input layer,

VL is the output layer, and layers V1, . . . , VL−1 are hidden layers. The edges cor-
respond to the pairs connecting every neuron of layer Vl to every neuron in the

next layer Vl+1, for all 0 ≤ l < L, i.e., edge e
(l)
i,j connects i-th neuron in layer l

with j-th neuron in layer l + 1. Every edge is assigned a numerical weight w
(l)
i,j .

Moreover, every neuron v
(l)
i in a hidden layer is assigned a bias b

(l)
i . We assume

that each input neuron v
(0)
i corresponds to feature i ∈ F , i.e., is represented

4 https://github.com/usi-verification-and-security/spexplain

https://github.com/usi-verification-and-security/spexplain
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by feature variable xi ∈ Di, and that each output neuron v
(L)
i corresponds to

class ci. We assume that each domain Di is either a finite set or a closed interval
Di = [Li, Ui] where both the lower and upper bounds are finite. This is always
true as long as the (training) data set is finite. The restriction to finite intervals
is required since a neural network is always trained on a finite set of training
data, thus it will learn to expect inputs in a finite range; passing an input (far)
outside this range will inevitably cause unpredictable behavior.

Given an input sample s = (s1, . . . , sm), the activations x
(l)
i for each neuron

v
(l)
i are computed as follows. In the case of the input layer, x

(0)
i = si; for hidden

layers, y
(l)
i =

∑
j x

(l−1)
j w

(l−1)
j,i + b

(l)
i and x

(l)
i = ReLU(y

(l)
i ), where ReLU(x) =

max{x, 0} is the rectifier function. In the case of the output layer, no activation
function is applied5 . The class ci assigned to input sample s is given by the out-

put neuron with maximum activation, formally, κ(s) = ci ⇔ i = argmaxj{y(L)
j }.

Example 1. A simple neural network maps features x = (x1, x2, x3) ∈ [0, 4]3 to
classes {c1, c2}. It has 3 input neurons, 2 hidden neurons with ReLU activation,
and 2 output neurons. Using fixed weights and zero biases, they are defined by

x
(1)
1 = ReLU(2x1 + x3) ∧ oc1 = y

(2)
1 = x

(1)
1 − 4x

(1)
2

x
(1)
2 = ReLU(−x1 + x2 − x3) ∧ oc2 = y

(2)
2 = −x(1)1 + 4x

(1)
2 .

The network predicts c1 if oc1 ≥ oc2 , otherwise c2. For instance, with sample
s = (1, 1, 3), we get oc1 = 5, oc2 = −5, so s is classified as c1.

3 Abduction-based Explanations

The explanations of NNs studied in this paper are obtained through abductive
reasoning which, given an observation O, infers an explanation φ that entails
O. Formally, for vectors of variables x and y, and two formulas T (x,y) and
O(x,y), the abduction problem is to find a formula φ(x), such that: (1) φ(x) ∧
T (x,y) ⇏ ⊥, and (2) φ(x) ∧ T (x,y) ⇒ O(x,y). For example, if T ≡ x > 0 and
O ≡ x+y > 0, then one possible solution for the abduction problem is φ1 ≡ y ≥ 0
(the weakest), and another one is φ2 ≡ y = 10 (a stronger). In our context, φ
is an explanation, vectors x and y are the input and output variables of the
network, respectively. T encodes the network and the constraints over the input
variables, and O contains the conditions over the output, e.g., the classification.
Weaker formulas give more information about the classifier. However, since the
explanations serve for humans to better understand the behavior of the NN, it
is essential that the explanations are also meaningful and interpretable—refer
to Section 6 for more details. Explanation methods are distinguished mainly in
how they solve the abduction problem and the type of solutions they provide.

Abduction-based explanations have been studied by several works in different
forms [35,44,32,34]6. To unify all different forms of such explanations, this section

5 During the training, usually the softmax function is used in the last layer; since this
is a monotonic function, it can be ignored here.

6 Refer to Section 5 for other formalisms beyond abductive reasoning.
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Fig. 1. Impact spaces associated to different explanations in domain [0, 4]3

starts with a general formalization of explanations introduced in [44] and called
space explanations, which directly stems from the abduction problem. Then, the
section discusses special cases, some of which are widely used in the literature.

Definition 1 (Space Explanation). Given a classifier M computing a clas-
sification function κ from feature space F, and a class c, a space explanation
of c is a formula φ s.t. ∀x ∈ F . φ(x) =⇒ κ(x) = c holds.

This formalism can be viewed as a set of rules, where a space explanation rep-
resents a sufficient condition for the classification: if the condition holds for
the given features, then it must be classified to class c. The set representa-
tion of a space explanation φ is its impact space Fφ := {x ∈ F | φ(x)}, and
Fφ ⊆ {x ∈ F | κ(x) = c}.

Given the network in Example 1, a space explanation for class c1 is e.g.
φ ≡ x1 + x3 ≥ 4. Figure 1 (c) shows the impact space Fφ as a pink prism.

The above formalization is general enough to cover any other abduction-
based explanation definition by possibly restricting formula φ. In the following,
we introduce them as special cases of space explanations.

Explanations as a Subset of Features The concept of abductive explanations was
first introduced by [32] as a subset of conditions over the input feature variables
that guarantee the output conditions, i.e., the classification. This abductive ex-
planation, that is restricted compared to the original notion of abduction, can
be formalized as a special case of space explanation as follows:

Definition 2. An abductive explanation φX is a space explanation for a clas-
sifier M and a class c such that φX :=

∧
i∈X xi = si where X ⊆ F is a subset

of features. φX is subset-minimal iff ∀X ′ ⊊ X . φX ′ does not constitute a space
explanation anymore.

That is, any input sample that coincides with s on features from X but can have
arbitrary values for features from F \ X is also classified to class c. In the case
φX is subset-minimal, subset X is required to be irreducible.

For example, given the NN in Example 1 and instance ((1, 1, 3), c1), a subset-
minimal abductive explanation is φX with X = {x1, x3}. Thus, if x1 = 1 and



6 N. Sharygina, F. Labbaf, T. Kolárik, G. Fedyukovich, M. Wand

x3 = 3, then for any value assigned to x2 from the domain, the classification
is still c1. However, if any feature from X is removed, then neither x1 = 1 nor
x3 = 3 alone guarantees the classification anymore. The corresponding impact
space is a line shown in Figure 1 (a).

Explanations as a Set of Intervals Another special case of space explanations
specifies an interval for selected input features (which is a subset of the corre-
sponding domain interval), offering higher granularity over Definition 2.

Definition 3 (Interval Explanation). An interval explanation φI is a space
explanation for a classifier M and a class c s.t. φI :=

∧
i∈X li ≤ xi ≤ ui where

X ⊆ F and I = {[li, ui] | i ∈ X , li, ui ∈ Di}.

Thus, [li, ui] ⊆ Di for all i ∈ X . The definition does not allow φI to represent
multiple discontinuous intervals (which could together still be a subset of Di).
The associated impact space is a hyperrectangle expressed as the Cartesian prod-
uct of intervals over each feature i: FφI

=
∏

i∈F [li, ui], [li, ui] = Di, i ∈ F \ X .
For example, given the NN in Example 1, an interval explanation for class c1

with I = {[1, 4], [3, 4]} and X = {1, 3} is φ ≡ (1 ≤ x1 ≤ 4) ∧ (3 ≤ x3 ≤ 4). The
impact space of the explanation is shown in Figure 1 (b).

A notion of maximal interval explanations depends on multicriterial opti-
mization, resulting in ambiguity of what should be maximized—considering both
the size of X and of particular intervals. Also, given a subset X , many combi-
nations of differently sized intervals would exist because it would highly depend
on the order and the extent of the particular expansions. A possibility would be
to require the resulting volume to be maximal.

There is a similar notion of interval explanations called inflated explana-
tions [35]. However, the definition differs in that it uses a general concept of
maximal sets, meaning that it also admits discrete domains or subsets of con-
tinuous space (which are not necessarily continuous, i.e., connected)7, and that
they cannot be expanded further. Moreover, they explicitly restrict the explana-
tions to origin from a subset-minimal abductive explanation. Still, in all cases,
the resulting explanations fall into space explanations.

Distance-Restricted Explanations Literature often considers explanations that
focus only on a small vicinity around the sample point rather than the entire
feature space [73,34,31]. They are defined as follows.

Definition 4. A distance-restricted abductive explanation φX ,ϵ is a space ex-
planation for a classifier M and an instance (s, c) s.t. φX ,ϵ := ∥x − s∥p ≤
ϵ ∧∧

i∈X xi = si where ϵ is a distance value and ∥.∥p is a norm.

Distance-restricted abductive explanations do not fall into abductive explana-
tions: effectively, such an explanation forms a space in the feature space and no

7 Despite the general definition, [35] incorrectly considers only intervals in the contin-
uous domain.
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longer depends solely on the features. Nonetheless, if the uniform norm is used
(p = ∞), they can be expressed as interval explanations, which can naturally
restrict the neighborhood around the sample point, resulting in a hyperrectangu-
lar space. However, this is not possible with other norms, such as the Euclidean
norm (p = 2) where the resulting space corresponds to a hypersphere. In all cases,
distance-restricted abductive explanations still fall into space explanations.

Summary Abductive, interval, and inflated explanations are special cases of
space explanations, where the formula φ is restricted. This constrains the shape
of the corresponding impact space. While a general space explanation can have
an arbitrarily shaped impact space, the impact space of both abductive and
interval explanations takes the form of an affine rectangle. Abductive explana-
tions also always keep some of the features fixed to a constant. Figure 1 compares
impact spaces for the three types of explanations discussed above.

4 Technical Foundations

The computation of abduction-based explanations for NNs follows a structured
two-phase methodology. First, the target ML model is encoded in first-order
logic, e.g., real arithmetic (LRA) in Satisfiability Modulo Theories (SMT). Sec-
ond, abductive reasoning is applied to identify a formula that entails the model’s
prediction for a given data instance. Coming up with such a formula involves
one or more entailment queries where tools like SMT solvers or specialized veri-
fiers act as oracles to verify the entailment. Different methods vary in how they
approach the abduction problem and in the types of tools used to compute ex-
planations. We start with a possible encoding for various approaches that yield
different types of abduction-based explanations. Then, we survey the approach
that leverages Craig interpolation to efficiently produce highly general explana-
tions, followed by approaches that generate more structured and restricted forms
of explanations using NN verification tools.

4.1 Encoding

While all theoretical foundations hold in both cases, we instantiate all the tech-
niques in the continuous domain and omit the discrete domains. All approaches
to NN explainability use the following encoding schema. Section 2 gives the def-
inition of all layers of a NN, where all neurons are variables and the weights and
biases are constants. The encoding of this NN is ψM. The encoding of ReLU(x)
depends on the concrete approach: in the most precise scenario, it is an ITE-
term; some approaches, typically NN verifiers (e.g. [70]), apply abstractions [69],
but at the cost of additional verification calls to check that the correctness has
not been affected. The domains D of the features are encoded as ψD, which is a
conjunction of intervals for possible values of every feature.

Let the formula ¬ψc ≡
∨

i∈K y
(K)
i > y

(K)
jc

represent a constraint that the out-
come of the classification is not class c ∈ K, then with no additional restrictions,
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formula ψ ≡ ψM ∧ ψD ∧ ¬ψc is satisfiable. Now suppose a sample point s ∈ F
classified as class c. Using the encoding φs ≡ x = s, formula φs ∧ ψ is in turn
unsatisfiable. For explainability, this fact lets to weaken formula φs while still
preserving the unsatisfiability.

4.2 Craig Interpolation for Explanations

Given an unsatisfiable formula A ∧ B, a Craig interpolant is a formula I such
that A ⇒ I, I ∧ B is unsatisfiable, and I uses only the common variables of
A and B. We denote interpolant I computed by an interpolation procedure Itp
from formulas A and B by I = Itp(A,B). Hence, given encoding ψ and a space
explanation φ of c, interpolant I = Itp(φ,ψ) is also a space explanation of c
satisfying φ =⇒ I (and hence Fφ ⊆ FI). This offers a universal means of
generalization of existing space explanations (e.g. trivially a sample φs), still
guaranteeing the classification.

Several interpolation algorithms, e.g. [2,8] for quantifier-free LRA, typically
yield explanations in the form of bounds on linear combinations of features such
as

∧
j

∑
i∈F αj,ixi ≤ βj (αj,i, βj ∈ Q). However, these algorithms are “blind” in

the context of neural network classification and they do not allow more granular
control of the form of the interpolants, such as specific shapes. While post-
processing and simplifying the formula is often beneficial, several methods (cf.
Section 6) exist to interpret even complex formulas in a user-friendly manner.

Furthermore, interpolation algorithms can benefit from special cases [26]
where given Itp(A,B), formula A can be partitioned, leaving a part of A un-
changed. For example, if a space explanation can be split into two parts φA∧φB ,
and given a Craig interpolation procedure Itp with I = Itp(φA, φB ∧ ψ), then
I ∧ φB is a logically weaker space explanation. Hence, it is possible to, for ex-
ample, focus the interpolation only on selected features that appear only in φA,
excluding the rest appearing only in φB from the expansion.

Different Craig interpolation procedures offer various properties of the in-
terpolants, in particular, their strength [20,63]. Moreover, the dual approach
Itp′ to an existing procedure Itp s.t. Itp′(A,B) = ¬Itp(B,A) can be used to
produce (usually) weaker explanations. The algorithms usually range over either
the propositional part or a specific theory. An example of interpolation rules over
the Boolean abstraction of the formula is McMillan algorithm [53] (ItpM ) that
typically yields conjunctions of constraints, while its weaker dual interpolation
scheme (Itp′

M ) typically yields disjunctions (ItpM (A,B) =⇒ Itp′
M (A,B)).

In the case of quantifier-free LRA, given a system of unsatisfiable linear in-
equalities, a widely used technique is based on Farkas’ lemma, producing Farkas
interpolants (ItpF ), or their logically stronger decomposed variants [8] (ItpDF ),
where ItpF yields a single inequality, while ItpDF a conjunction of inequalities.
The duals of these algorithms Itp′

F and Itp′
DF yield weaker interpolants and

Itp′
DF yields a disjunction of inequalities. Since these algorithms are orthogonal

to McMillan algorithms, we can even produce conjunctions of disjunctions or
vice versa. Furthermore, there is an infinite family of interpolants [2] (Itpf ) with
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the logical strength in between ItpF and Itp′
F interpolants, parametrized by a

rational factor f ∈ [0, 1].
Hence, a number of flexible interpolation algorithms are available, offering

different strengths and structures of the resulting formula. The presented arith-
metic algorithms exhibit the following relationship [8,2]:

ItpDF =⇒ ItpF =⇒ Itpf =⇒ Itp′
F =⇒ Itp′

DF

such that each is applied to the same arguments (A,B).

Unsatisfiable Cores Given formulas A and B such that A =
∧

i∈I ai and A ∧B
is unsatisfiable, an unsatisfiable core of A is a formula U =

∧
i∈J ai, J ⊆ I such

that U ∧ B is still unsatisfiable. We denote unsatisfiable core U computed by
an algorithm Ucore from formulas A and B by U = Ucore(A,B). If Ucore(A,B)
produces a formula over the common variables to A and B, it is a special case
of Craig interpolation.

Most modern SMT solvers [6,13,30,16] implement computation of unsatisfi-
able cores. However, different techniques offer different trade-offs between the
computational effort and size of the core. Some techniques [14] add very little
overhead on top of proving unsatisfiability but offer no guarantees about the size
of the core. Other techniques compute irreducible unsatisfiable cores [27,39], but
are typically much more computationally intensive.

Generalizing Existing Explanations The concept of Craig interpolation allows
the iterative construction of space explanations using a sample point or existing
abductive, interval, or inflated explanation as a starting point. [44] lists sev-
eral strategies and suggests some combinations in order to control the logical
strength of the resulting explanations, as well as their form, including possible
simplifications using the unsatisfiable core extraction.

4.3 Verification for Explanations

Given a specification of a neural network f of the form {precondition} r =
f(x) {postcondition}, where precondition is a predicate over variables x, and
postcondition is a predicate over variables x and r, the verification problem con-
sists of checking if for all the values of variables for which precondition holds,
postcondition also holds. Many state-of-the-art NN explanation methods use
verification tools to compute conditions over input features that guarantee the
output [73,34,32,7]. The explanation approach is reduced to a sequence of ver-
ification problems with different preconditions until a suitable (and in practice,
weaker) one is found. In a nutshell, these techniques perform a naive relaxation
of input constraints based on exhaustive enumeration of features, heavily de-
pending on selecting a specific order of the features. Each verification problem
is defined by precondition as a conjunction of an input φ (starting with the
sample point φs) and the domain constraints ψD, and the postcondition as the
constraint that the classification is not class c, ¬ψc (recall Sect. 4.1).
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NN verification and abstraction literature is thoroughly reviewed in [40]. It
classifies the existing approaches into either “Reduction” class [3], “Branch-and-
Bound” class [74], or classes that apply abstractions to the input domains [46,69]
or the NN architecture [22]. Reduction approaches solve the verification problem
by reducing it to an instance of another problem, such as SMT (most closely
related to abduction, to be discussed in the next paragraph), MILP, Convex
Optimization, and BDD. Branch-and-bound techniques work by splitting the in-
put or activation space into independent branches. Since each branch is verified
separately, this often increases the likelihood of finding a proof or counterex-
ample. One part of abstraction-based approaches use “abstract interpretation”
(e.g. [69]) to over-approximate the input domains (e.g., to intervals, zonotopes,
or polytopes) and propagate the properties through the layers of the NN. Other
approaches instead perform NN’s structural abstraction (e.g. [22]) by reducing
the size of the NN while maintaining guarantees of the verification, either by
exploiting syntactic or semantic information regarding the network’s topology.

Among existing tools for NN verification, α, β−CROWN [74,70], VeriNet [28],
Marabou [41,71], MN-BaB [24] are most used. A survey paper [42] gives details
about other tools. Many of these approaches use an SMT solver under the hood.
For instance, Marabou uses the CVC5 [6] SMT solver to check that every as-
signment of variables for which the precondition holds can only be extended to
an assignment for which postconditon holds. In order to solve the verification
problem, it loops by trying to satisfy the currently unsatisfied constraints at each
iteration. The main verification loop exploits the well-known simplex algorithm.

The explanation algorithms discussed in this section leverage a robustness
oracle to answer the robustness query: whether a constrained adversarial exam-
ple exists when certain features are fixed to their original values [73,34,32,7].
Formally speaking, given a classifier M computing a classification function κ
from feature space F, and constraint φ(x), a constrained adversarial example for
instance (s, c) exists if ∃x ∈ F . κ(x) ̸= c ∧ φ(x). If an adversarial example does
not exist, then the classifier is constrained robust. Robustness is a special case of
the verification problem.

Finding a constrained adversarial example in the vicinity of a sample point
is equivalent to solving the negation of the problem in Definition 1, searching
for a counterexample x with φ = φX ,ϵ from Definition 4.

Compared to Craig-interpolation-based methods, the methods discussed in
this subsection restrict the shape of the impact space associated with the expla-
nations, disallowing the approximation of arbitrarily complex decision bound-
aries. Consequently, the former methods can capture relationships among fea-
tures, offering meaningful insights into the reasons behind a classification. On the
other hand, interpolation methods are in a sense “blind” (i.e., unaware of their
application context), and their output still benefits from further post-processing.

Computing explanation as a subset of features Methods that aim at
subsets of features typically use brute force or binary search, with optimizations.
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Brute-Force Methods A straightforward approach to solve the problem is by
assuming that all features are initially fixed to their original values. That is, if
X initially contains all features F , then no adversarial example exists. A brute-
force algorithm then loops through each feature i in the set of all features F . In
each iteration, it tentatively removes the current feature i from the set of fixed
features X . It then makes a call to a robustness oracle (like Marabou ) to check
if a constrained adversarial example exists when only the features remaining in
the set X are fixed. If the oracle returns true (an adversarial example exists), it
means feature i was necessary to maintain the original prediction . The algorithm
then adds feature i back to the set X . If the oracle returns false (no adversarial
example exists when i is unfixed), it means feature i was not necessary to prevent
the adversarial example, and it can be safely left unfixed. After iterating through
all features, the remaining set X is a subset-minimal abductive explanation.
The algorithm needs Θ(|F|) calls to the robustness oracle. To potentially find
smaller subset-minimal explanations, heuristic models of feature importance can
be employed, checking less important features first. Variants of this method are
studied in recent works, for example, VeriX [73] or [29].

Binary Search Methods from another group do not check each feature sequen-
tially, but instead use binary search on the set of features being considered (W).
It maintains a set X of features already identified as part of the abductive ex-
planation and a set W of features still under consideration. In an inner loop,
it performs a binary search over the features in W (which are assumed to be
ordered). In each step of the binary search, it checks a chunk of features. Specif-
ically, it calls the oracle to see if an adversarial example exists when the features
in X plus a subset of features from the beginning of W (e.g., W1..t) are fixed.
Based on whether the oracle returns true (adversarial example exists) or false
(no adversarial example), the binary search narrows down the range within W
that contains the relevant feature. Once the inner binary search loop finishes, a
relevant feature is found and moved from W to X . This process repeats in an
outer loop until all features initially in W have been examined. This method is
studied in [7,34,72].

This binary search structure reduces the number of oracle calls within the
inner loop to O(log |W|), where |W| is the number of features currently being
searched. If the largest abductive explanation has size kM , the outer loop runs
O(kM ) times. Therefore, the total number of sequential oracle calls is reduced to
O(kM logm), where m is the total number of features |F|. This can offer better
performance than the greedy algorithm if the largest abductive explanation is
considerably smaller than the total number of features.

Viewing the algorithm as analyzing chunks of features highlights a possibility
for parallelization, where checks on different chunks could be run simultaneously.
This idea is further developed in the SwiftXplain algorithm [34].

Optimizations The robustness queries used in the mentioned algorithms can
be expensive due to the complexity of neural networks, especially when many
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features are set to free. Various techniques have been proposed to optimize the
explanation process.

Ordering features heuristically [7,72,73] The order of processing features
influences both explanation size and time. Prioritizing features that are more
likely to appear in the final explanation generally improves efficiency and makes
the explanations smaller. Analyzing the network to establish a heuristic ordering
of features can significantly enhance the explanation process. Scoring methods
such as LIME [61] and SHAP [48], and a feature-level sensitivity method [73]
can be employed as a preprocessing step.

Using contrastive examples [7] A contrastive example (or contrastive expla-
nation) is a subset of features C ⊂ F s.t. altering them is sufficient to cause a
misclassification of a given instance (s, c): ∃x ∈ F . κ(x) ̸= c ∧∧

i∈F\C xi = si.
The technique identifies contrastive singletons—features that, if changed indi-
vidually, cause a misclassification—and immediately marks them as part of the
explanation (i.e., fixes them), thus avoiding unnecessary robustness queries. Con-
trastive examples of size two are also exploited: if one feature in such a pair is
removed from the explanation (i.e., freed), the other should be included.

Local-Singleton Search [7] Freeing features enlarges the search space for the
underlying verifier and thus slows down the process. The core observation is
that input points near the original input that cause misclassification tend to be
clustered. To take advantage of this, instead of letting the values of previously
freed features be arbitrary during verification queries, the method fixes them
to the values from a previously found counterexample. Then, it searches for
local singletons: features whose individual perturbation leads to misclassification,
assuming all other features stay fixed at the counterexample values.

Computing Interval and Inflated Explanations Inflated explanations can
be computed using a greedy algorithm that starts from a subset-minimal abduc-
tive explanation. In the continuous domain, it systematically expands the associ-
ated interval for each feature, strictly following a selected order while maintaining
the same classification outcome. The resulting explanations represent maximal
intervals. However, the intervals associated with the features appearing at the
beginning of the ordering are usually larger than the latter, and the volume of
the resulting impact space is typically not maximal. This is due to the greedy
expansion of the former intervals in the ordering which is too restrictive with
respect to the remaining features, leaving lower flexibility for their expansion.

Moreover, a modified version of Algorithm 3 from [35] can be used for com-
puting interval explanations (Definition 3) if the stopping condition is relaxed
to e.g. a predefined number of expansion steps. Also, since we assume that all
domains are bounded (Section 2), the linear search in the algorithm should be
replaced by binary, as suggested by the authors. The resulting explanations can
be easier to compute and may yield higher volumes as well, although without
guarantees of the maximality of the intervals or the volume. Such an algorithm
can also be generalized so that it accepts any interval explanation as input.
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5 Related Work

Explanation methods for neural networks range from gradient-based and attri-
bution techniques to formal logic-based approaches. This section expands on
methods that are not based on logic or abduction.

Approaches Not Based on Logic Classical approaches to explain clas-
sifying NNs mostly fall into one of the following categories: Analysis at the unit
(neuron) level [23,76], which however fails to capture global properties or interde-
pendencies between units, gradient-based methods [68,4], which describe the net-
work behavior around a particular sample; and inversion methods [49], which are
computationally efficient and can provide global views, but are still only approx-
imating. There is also a range of Model-agnostic methods [5,61,48,62], which can
be applied not only to NNs, but in principle to any classifier. Bottleneck-based
approaches [75,64] address explainability through architectural constraints. Bot-
tleneck architectures constrain information flow through compressed intermedi-
ate layers: either by forcing the model to focus on the most prediction-relevant
input information, or by using human-defined concept layers. These models im-
prove explainability by making the model’s decision more transparent in the
intermediate representations.

Other Logic-based Explanations Beyond abduction-based explanations,
which aim to identify sufficient reasons for a classifier’s decision, contrastive or
counterfactual explanations [54] have also gained attention. It explains why an-
other decision was not made—also known as a necessary reason. Several works
have explored counterfactual reasoning in the context of AI systems [55,18,60,36].
There are other logic-based approaches that are not abduction-based, for in-
stance, [25] introduces an approach that maps the neural activations to seman-
tic concepts, which are then used to induce logic-based theories. Furthermore, in
the context of image classification, [11] introduced compositional explanations
as the set E of superpixels (i.e., clusters of adjacent pixels considered as a unique
feature) that are the most relevant for the classification task. Last, but not least,
recent work has addressed the practical computation of probabilistic abductive
explanations for various families of classifiers [33,37].

Other surveys A few surveys have been done on formal AI explanation
and verification. [45] surveys early works on utilizing formal methods for the
explanation, verification, and testing of machine learning systems. [52] provides
a technical survey of logic-based XAI, discussing its origins, the current topics
of research, and emerging future research areas. [43] surveys NN verification
tools from a machine learning perspective, while [40] reviews and classifies the
literature on NN verification, which we used in Section 4.3.

6 Quality of Space Explanations

Since based on logic, space explanations enable rigorous measurement and com-
parisons of the quality of explanations, which typically depends on multiple prop-
erties of the underlying formula and is application-specific. Such quality metrics
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are based on comparing formulas that represent explanations, which often have
different shapes. For example, interval explanations are easy to interpret, but
can sometimes be too restricted given the complexity of the feature space. We
identify two main aspects of the quality that are often contradictory: (human)
interpretability, and generality of the explanations. More general explanations
may convey richer information about the network [44] but often come at the
cost of reduced readability. The challenges of practical human interpretation of
complex explanations, particularly in high-dimensional feature spaces, and their
comparison, were addressed in [47] by applying classical methods from geometry,
demonstrating the usability of the explanations for domain experts without the
need for expertise in logic.

6.1 Interpretability

Explanations can be communicated in various ways, mainly by reading the for-
mula, or using a visualization.

Formula Readability Human readability of the formula is, for example, impor-
tant in the domains of natural sciences where an expert in the domain verifies
whether the obtained rules are compatible with their knowledge. Explanations
that constrain individual features (Definitions 2–4) result in short and struc-
turally simple formulas that are easy to interpret. In contrast, non-restricted
space explanations can be harder to grasp. The readability depends on the size
of the formula, which can be defined as the number of terms, number of features
involved, number of characters, etc.
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Fig. 2. Projection and slice visualiza-
tion of three types of explanations

Visualization Visualization can provide
intuitive insights for the classification
even for complex formulas. However, it
may be difficult to quantify or compare
them with other visualizations. A direct
way is to visualize the impact space which
is usually high-dimensional. There are
several ways to overcome this, such as us-
ing slices or projections for selected pairs
or triplets of features, resulting in a 2D or
3D space. Slices fix all other dimensions,
providing a precise view into the selected
dimensions, but conclusions on the excluded dimensions are very limited. Pro-
jections can be computed by quantifier elimination, which is expensive but can
also be approximated using linear programming. They offer an intuitive under-
standing of the geometrical differences between impact spaces. They still do not
capture the complete information contained in higher-dimensional spaces: they
may result in too large area because the information from the other dimensions
is collapsed. An example of such visual comparisons is shown in Figure 2: using
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two visualization methods, projection and slice, it shows three types of expla-
nations from [44] for a heart-attack risk model, focusing on two features of the
patients (age and cholesterol). For interval and abductive explanations, both vi-
sualization methods result in the same area because the impact space of these
explanations is always a hyperrectangle.

There are other means of dimensionality reduction as well [9], such as PCA,
that exploits the data distribution within a dataset of sample points. A special
case of visualization applies to the domain of image recognition, where particular
features represent pixels. There, the explanations can be visualized using some
projections on particular pixels (i.e., features), and the user can then decide
which ones identified as responsible for the classification make more sense. An
example of such visual comparisons appeared in [73] for abductive explanations.

Following [47], further means of visual interpretation include extraction of the
maximum diameter, identifying a significant linear relation between features,
and extraction of the (Euclidean) minimum norm point, which illustrates the
flexibility of particular pixels in explanations for image-classification datasets:
the darker pixels compared to the original image, the higher flexibility given
by the explanation, reflecting the relevance of the pixels for classification, and
also the size of the impact space (see an example in Figure 7). Both methods
compute objects that are easy to visualize but at the same time represent correct
explanations that are subsets of the original explanation.

6.2 Generality

The generality is characterized by the size of the impact space, reflecting the
ability to cover multiple sample points. The size of the continuous space is esti-
mated based on selected factors such as the volume. Moreover, some applications
may favour the importance of certain input features over others. The choice of
the used metric is application- or even explanation-specific: for example, volume
estimation is robust and comprehensive, but only if the accuracy is meaningful
and given that the computation for the explanation is feasible.

Subset Checks A direct comparison of explanations is to check whether one is
a subset of another (e.g., using implication checks). While providing rigorous
comparisons, explanations often intersect but are not entirely subsumed by one
another. As a result, many explanations remain incomparable [44].

Number of Fixed Features A rough aspect of the generality is based on the
number of features that are fixed to a single value by the formula, not allowing
any flexibility. For example, a sample point fixes all features, resulting in the
least general explanation possible, and abductive explanations (Definition 2)
only constrain features to be fixed or entirely free within the domain.

Volume Computing a relative volume, that is, a volume after normalizing par-
ticular domains, estimates the size of an impact space. Particular domains can
also be adjusted according to the importance of some features. While the volume
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is easily computable for hyperrectangles, it is non-trivial for more general high-
dimensional spaces, even if they are convex. Approximations can be obtained
based on symbolic reasoning [66] or Monte Carlo methods [47], but may still be
expensive. The volume is zero if any feature is fixed in the explanation, but one
can compare the number of fixed features and compute the volume only within
the rest. Since computing the volume in 2D or 3D spaces is feasible, another
possibility is to exhaustively compare volumes of all slices or projections (cf.
visualization) for all or selected pairs or triples of features.

7 Illustration of a Practical Framework SpEXplAIn

The SpEXplAIn framework builds on the most general abduction-based concept
of Space Explanations. The tool is available online89 with detailed instructions
on how to build and run the tool. Based on SMT, it automatically generates
explanations of NN classification in the form of logical formulas with provable
guarantees about the classification and covering complex-shaped subsets of the
feature space, enabling close decision boundary approximation. Starting from a
sample point or an existing space explanation, the tool delivers explanations from
logical proofs about the classification constructed on the fly. Craig interpolation
utilizes the proof for expanding the space around the sample point and capturing
the reasons behind the classification. Importantly, it preserves the guarantees
about the classification, and can iterate for generalizing the explanation further.
Figure 3 gives the framework overview with three main parts:

8 https://github.com/usi-verification-and-security/spexplain
9 https://verify.inf.usi.ch/spexplain

https://github.com/usi-verification-and-security/spexplain
https://verify.inf.usi.ch/spexplain
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– Preprocessor encodes the NN, the sample point, and its classification into
a logical formula in SMT, as decribed in Section 4.1.

– Explanation Engine receives the logical encoding and generalizes the con-
straints on the input features while preserving guarantees on the classifi-
cation. Following Section 4.2, it outputs a proof that represents a space
explanation. Internally, the Master subcomponent instructs the Interpolator
and Unsat-core extractor subcomponents for iterative explanation general-
ization. The engine is optionally configurable to tailor the explanation to the
specific needs of the user.

– Interpreter automatically transforms the resulting space explanation into a
human-recognizable form, for example, using a visualization (cf. Section 6).

The engine contains four components:

– Master coordinates the user inputs and configuration with other compo-
nents. and also handles the actual explanations and proofs (pass and receive
them from the other components).

– SMT solver is the core constraint solver, available on demand, answering
queries from other components. It automatically determines whether logical
formulas are satisfiable, and can generate proofs when they are not.

– Interpolator takes an unsatisfiable formula of the form ψ ∧ φ and uses
Craig interpolation to weaken φ. Initially, the interpolator lets φ be φs and
produces a generalization over the sample point. Optionally, it continues to
weaken the generalization iteratively.

– Unsat core extractor receives an unsatisfiable conjunctive formula rep-
resented as a set of constraints and extracts a smaller unsatisfiable subset
in the form of an unsatisfiable core. This results in a shorter and weaker
formula, meaning that the explanation is generalized and simplified.

The engine is instantiated by the OpenSMT2 solver [10,30] which integrates
a range of techniques into a unified framework, combining standard SMT solving
with the computation of unsatisfiable cores and Craig interpolants of varying
sizes and logical strengths. It also provides a naive implementation of computing
feature-based explanations (Definition 2 and 3).

Users may optionally specify configurations and a sequence of strategies based
on their domain knowledge. This provides flexibility to tailor the explanation to
their specific needs, but it is not required for the framework to function. The
available strategies—detailed below—can be applied in sequence when provided.

– Generalize (G). Generalizes an arbitrary space explanation (including e.g.
φs, abductive or interval-based explanations) by calling the Interpolator.
The strategy is parametric in the interpolation method with different logi-
cal strengths. We use arithmetic interpolation algorithms from Section 4.2:
weak 7→ Itp′

F , mid 7→ Itpf using f = 0.5, and strong 7→ ItpF , all integrated
with McMillan’s propositional interpolation algorithm ItpM .

– Reduce (R). Calls the Unsat core extractor to simplify an explanation.
When applied on top of strategy G (denoted as R ◦G), the resulting expla-
nation is shorter and more readable. Optionally, minimal reduction (Rmin)
arrives at an irreducible explanation, possibly with significant overhead.
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Fig. 4. Approximation of decision boundaries and feature relations using strategies C
and Rmin ◦C within selected pairs of features.
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Fig. 5. Generalizing an interval explanation
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Fig. 6. Explanations produced by G with different logical strengths

Fig. 7. Visualization of space explanations of MNIST dataset computed by strategy
G with algorithm weak (above) and strong (below).

– Capture (C). Similarly to G, calls the Interpolator but only on the part of
the initial formula φs with constraints over selected features, hence capturing
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their mutual relationships. Moreover, using Reduce is more efficient on top
of strategy C than G (i.e., R◦C vs. R◦G) since the interpolation is focused.

The interpreter transforms the resulting space explanation into a user-friendly
representation that also captures meaningful insights into the classification. We
demonstrate several visualizations of the generated space explanations in the
experiments below.

Evaluation SpEXplAIn has been evaluated [44] and compared to the state-
of-the-art abduction-based XAI tool VeriX10 on test cases of different sizes
and different nature, such as medical domain datasets (“heart-attack risk” and
“obesity risk”) and image classification (MNIST). Thanks to the efficiency of
SMT solvers, SpEXplAIn applies in realistic settings. Using the direct encoding
of the NN (cf. Section 4.1) with no further optimizations, [44] demonstrated the
usefulness of the explanations generated by SpEXplAIn but also the scalability
challenges, showing that while using this encoding, SpEXplAIn is less sensitive
to the number of input features than VeriX, but more sensitive to the number of
hidden layers in the NN. In this paper, we present a snapshot of the experiments
to illustrate the benefits of SpEXplAIn, focusing on the quality of explanations.
More details, such as the runtimes, are available in [44]. Notably, its main concept
of space explanations enables the preservation of important domain information.
Moreover, the flexibility of tuning the algorithms to deal with logic formulas
accommodates the specific needs of the user. The tutorial accompanying the
paper will show further experiments and comparisons11, using also other models
and datasets.

We illustrate the application of SpEXplAIn on tabular data using the Heart-
attack risk dataset [38]. The task is to predict the risk of a heart attack based on
various medical indicators of patients. It contains 13 input features and 2 possible
classification outcomes: high or low risk. We trained the NN using one hidden
layer with 50 neurons and used a dataset with 303 sample points. Below, we
demonstrate that our explanations are meaningful to the user and often confirm
the intuition behind the relations of the medical indicators.

SpEXplAIn automatically approximates decision boundaries among all pairs
of input features. Figure 4 illustrates the relation between selected pairs (e.g. age
and blood pressure) using strategy Capture and weak interpolation algorithm.
Notably, the decision boundaries that can even be non-convex are well approx-
imated while preserving the relationship between the features (cf. yellow and
light-blue colors). The figure shows feature relations that resemble real-world
phenomena (e.g., chest pain and #major vessels) and at the same time stem
from the behavior of the NN with provable guarantees. Moreover, the same ex-
periment illustrates that applying minimal Reduce on top of Capture (i.e.,

10 VeriX showed it produces (sound) explanations that involve fewer pixels compared
to SHAP and Anchors, but using a significantly higher computation time.

11 See more experiments with optimizations and more layers or neurons in the NNs at:
https://verify.inf.usi.ch/content/experiments-spexplain

https://verify.inf.usi.ch/content/experiments-spexplain
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Rmin ◦ C) is useful to improve the accuracy of the obtained explanations (red
and blue areas in Figure 4). Another benefit of performing the reduction is that
the resulting explanations are more compact and thus easier to communicate.

Furthermore, SpEXplAIn can generalize already existing space explanations,
as demonstrated in Figure 5. In this experiment, an interval explanation (cf.
Section 3) is first computed based on techniques from related work [35] (see red
rectangles) and then widened using strategy Generalize (see blue polygons),
again with weak algorithm. Notably, the generalized explanations approximate
the behavior of the NN much more closely than the prior work which is restricted
to simplistic feature-based explanations.

Figure 6 illustrates the capabilities of SpEXplAIn to generate explanations
of various logical strengths. The use of weaker interpolation algorithms (e.g.
weak, blue area) results in explanations with larger space compared to stronger
ones (e.g. mid, red area). Note that the shapes are similar for all sizes.

Overall, these experiments confirm that SpEXplAIn captures feature rela-
tions meaningfully, which could be useful for the user.

The other illustration uses the image classification dataset MNIST [17], which
represents benchmarks with a different kind of sample points, where particular
features correspond to pixels arranged into a matrix and are often related locally.
The MNIST dataset collects grayscale images of handwritten digits with 784
pixels ranging from 0 to 255. We trained the model using a hidden layer with
200 neurons and experimented on a dataset with 50 sample points.

For this domain, the common task is to identify pixels that are relevant
for classification. We used SpEXplAIn to experiment with this task by iden-
tifying explanations of different relevance for the visualization of digits. The
SpEXplAIn capability of generating explanations of different strengths is very
useful for this task. For example, here is a snapshot of experimentation with
digit 6 for which we use strategy G. For each explanation, Figure 7 illustrates vi-
sualizations for particular points extracted using the minimum Euclidean norm,
that is, the point closest to the original image (cf. Section 6.1). The figure en-
ables the comparison of interpolation algorithms weak and strong. The lighter
the color, the higher participation in the explanation it represents for particu-
lar pixels of the digits. Notably, while both approaches accurately resemble the
actual intended digit, applying algorithm weak results in explanations that are
more fuzzy upon visualization compared to algorithm strong. Such observations
suggest that stronger interpolation algorithms suit image classification better be-
cause they yield more compact, smoother, and easier-to-interpret explanations.

8 Conclusion

This paper surveys the state of the art in logical abduction-based explanations, a
concept of provably correct explanations of NN classification w.r.t. a formal spec-
ification of the model. In this area, it establishes a unified theoretical framework
and encoding and list the state-of-the-art approaches, allowing their compre-
hensive comparison. Furthermore, it suggests multiple metrics and factors for
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estimation of the quality of explanations, allowing their comparison as well. Fi-
nally, it illustrates SpEXplAIn, a practical framework for computing most gen-
eral abduction-based explanations for neural networks. SpEXplAIn preserves
provable guarantees of the classification and generates substantially more infor-
mative explanations than prior work. Based on SMT solving techniques such as
Craig interpolation, it approximates complex decision boundaries and identifies
relations between input features that are visualized in a user-friendly way. We
illustrate several real-world experiments from different domains with different
requirements, highlighting the usefulness of the explanations and the flexibility
of their generation.

Acknowledgement This work was conducted as part of the “Formal Reasoning
on Neural Networks” project funded by the Hasler Foundation, Switzerland.
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69. Singh, G., Gehr, T., Püschel, M., Vechev, M.: An abstract domain for certifying
neural networks. Proc. ACM Program. Lang. 3(POPL) (Jan 2019), https://doi.
org/10.1145/3290354

70. Wang, S., Zhang, H., Xu, K., Lin, X., Jana, S., Hsieh, C.J., Kolter, J.Z.: Beta-
crown: Efficient bound propagation with per-neuron split constraints for neural
network robustness verification. Advances in neural information processing systems
34, 29909–29921 (2021)
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