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From Binary to Tree Interpolants

p Lots of algorithms exist for linear arithmetic over reals (LRA)

- Flexible interpolants (strength, size) important for efficient over-approximation & convergence of

program verification
p Applications requiring the have for LRA interpolation algorithms

- Limited their scalability or soundness, e.g. incremental verification of program revisions [1], solving

non-recursive Horn clauses [2].

» Combining interpolation algorithms for over-approximation of bit-vectors in

softwares model checking for scalability

[1] Asadi et al, FMCAD 2020 [2] Gupta et al, APLAS 2011
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p Lots of algorithms exist for linear arithmetic over reals (LRA)

- Flexible interpolants (strength, size) important for efficient over-approximation & convergence of

program verification
p Applications requiring the have for LRA interpolation algorithms

- Limited their scalability or soundness, e.g. incremental verification of program revisions [1], solving

non-recursive Horn clauses [2].

» Combining interpolation algorithms for over-approximation of bit-vectors in

softwares model checking for scalability

Goal: Investigate algorithms in to guarantee

[1] Asadi et al, FMCAD 2020 [2] Gupta et al, APLAS 2011
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How to compute such over-approximations?
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Craig/Binary Interpolants

[Craig'57]

For mutually unsatisfiable A and B,

[ is an interpolant for(A | B) if:
A= 1

| — B
I uses only common symbols of Aand B
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Craig/Binary Interpolants Dual Interpolants

[Craig'57] [Alt et al. FMCAD'17]

For mutually unsatisfiable A and B,

[ is an interpolant for(A | B) if:
A= 1

| — B
I uses only common symbols of Aand B
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Craig/Binary Interpolants Dual Interpolants

[Craig'57] [Alt et al. FMCAD'17]

For mutually unsatisfiable A and B, f I'is an interpolant for(A | B), then

[ is an interpolant for(A | B) if: — is an interpolant for (B | A):
A — 1 B = I

I uses only common symbols of Aand B
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Tree Interpolation Property (TIP)

TIP relates interpolants computed by multiple binary interpolation problems over the same proof.

Definition: Let A A B A C be an unsatisfiable formula and

Ia, 1B, 1aB for interpolation problems:
(A BAC),
(B | ANC),
(ANB | C).
The tuple ({4, IB, 1aB) has iff: Ix N Ip > Iap

The tuple ({a, IB, 14B) has iff: Ix N B > Iap
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Tree Interpolation Property (TIP)

TIP relates interpolants computed by multiple binary interpolation problems over the same proof.

Definition: Let A A B A C be an unsatisfiable formula and This presentation
only considers 3
]Av ]Ba Iyy: for interpolation problems: partitions for simplicity!
(A | BAC),
(B|ANC).
(ANB | C).
The tuple ({4, IB, 1aB) has iff: Ix N Ip > Iap
The tuple ({a, IB, 14B) has iff: Ix N B > Iap
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Why tree interpolation property is required?

Version 1
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Why tree interpolation property is required?

Version 1

v/ Program safe ANBANCAm — L
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Why tree interpolation property is required?

Version 1

v/ Program safe ANBANCAm — L

ANBANC = IABC
L]ABC/\m — |

Extract interpolants ¢
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Why tree interpolation property is required?

Version 1 Version 2

Change arrives A~ A B~ B’
(m) (m)
lapcy Y
) /@\ ) ’}@\
v/ Program safe ANBANCAm — L

ANBANC = IABC
L]ABC/\m — |

Extract interpolants ¢
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Why tree interpolation property is required?

Version 1 Version 2 Change arrives A s A B s B
(m) (m)
Program safe? AANB ANCAm — ? Q
IABCv v
) /@\ ) ’}@\
v/ Program safe ANBANCAm — L
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Why tree interpolation property is required?

Version 1 Version 2

D (™)

Change arrives A~ A B~ B’

Program safe? AANB ANOCANm — ? Q

lapc

Y Y A/:[A /
L /@\ 3 f@\ By v
@

v/ Program safe ANBANCAm — L
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Why tree interpolation property is required?

Version 1 Version 2 Change arrives A s A B s B

D (™)

Program safe? AANB ANOCANm — ? Q

]ABCV \ 4 /
A — [A /
]A fcvx ]B fC’K B/ —> ]B J
@ IaNnIpNC = Iapc Tree Interpolation Property must hold

A'NB'"NC = IaBc
v/ Program safe ANBANCAm — L

ANB ANCAM = L
ANBANC = IABC
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Why tree interpolation property is required?

Version 1 Version 2 Change arrives A s A B s B
(m) (m)
Program safe? AANB ANC ANmMm — ? Q
IABCv v
) /@\ ) '}@\
AANB'NC = Ispc T4 o ecememmmmea
v/ Program safe ANBANCAM — L et T
¢ ) “
ANBANCAM = L :\ A ;
(— 2N ) '¢'
Extract interpolants ¢ ANBNC = lapc {\B._. ______ ~
JapcANm — L Y T
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Why tree interpolation property is required?

Version 1 Version 2 Change arrives A s A B s B
(m) (m)
Program safe? AANB' NCANm — ? Q
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Why tree interpolation property is required?
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Why tree interpolation property is required?

Version 1 Version 2 Change arrives A s A B s B
(m) (m)
Program safe? AANB NCNANmMm — 7 Q
Iagc
Y Y A/ —> [A J
) /@\ ) /@\
AANB'NC = Ispc T4 o ecememmmmea
\/Programsafe AnBANCANM — L ettt T
’ )
ANBANCAM = L :\ {A—-‘ """"""
r v, p
Extract interpolants ¢ ANBNC = lapc It |8 L4 /\_]_5__
L]ABC Am — L ‘. )r T
IAaNIp %

ANB = I,g & A ANBACAM= 7
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Outline (Contributions)
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Outline (Contributions)

- Overview on existing binary interpolation algorithms in LRA

1) FARKAS

2) DUAL FARKAS

3) FLEXIBLE FARKAS
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Outline (Contributions)

- Overview on existing in LRA

FARKAS

DuAalL FARKAS
FLEXIBLE FARKAS

DECOMPOSING FARKAS
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Farkas coefficients

set of over real variables
L1 S 0 2 X L1 S 0
QZ‘Q—$1§ 0 1x $2—$1§ 0
r3 —2r1 < 0 Ixy z3—21 < 0
—T2 — 3 < —1 IX{—xy — w3 < —1
0 < —1

For an unsatisfiable system of linear inequalities Farkas coefficients always exist such that the
weighted sum of the system given by the Farkas coefficients —> contradictory inequality

S. Asadi (USI Lugano) Farkas-Based Tree Interpolation SAS 2020



Farkas Interpolant vcwmiian 2004;
Ex: Compute interpolant for (A A B | C')

r1 < 0
ro —x1 < 0
r3 — 11 < 0
—To — 3 < —1
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Farkas Interpolant mcmiian 2004;
Ex: Compute interpolant for (A A B | C')

r1 < 0
To — L1 < OjA
T3 — I < O}B
—To — 3 < —1
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r1 < 0
To — L1 < OjA
T3 — I < O}B
—T9 — I3 < —1

Interpolant is the weighted
sum of 1st-part of
interpolation problem!

S. Asadi (USI Lugano)
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£E1§ 0

1% $2—$1§ 0
(1X rg — I < 0
T2 +x3 < 0

Farkas-Based Tree Interpolation SAS 2020

Farkas Interpolant mcmiian 2004;
Ex: Compute interpolant for (A A B | C')

U1 § U

To — T1 <
o —x1 < 0
—To — 3 < —1
0 < —1

Farkas interpolant for

(ANB | C)



Dual Farkas Interpolant

Dual Farkas interpolant for (AA B | C) is a negation of the
Farkas interpolant for (C | AN B):

e — .
o

B ———
T ——

- Dual Farkas

w——— Interpolant S

S. Asadi (USI Lugano) Farkas-Based Tree Interpolation SAS 2020
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Flexible Farkas Interpolant :«a. ey

An infinitely many interpolants between Farkas and dual Farkas interpolants with flexible strength

Flexible Farkas
Interpolant

I = 294+ 253<1—«

S. Asadi (USI Lugano) Farkas-Based Tree Interpolation SAS 2020
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Decomposed Farkas interpolant sica et a. tacasio;

Given a vector of Farkas coefficients, it can be decomposed into a sum of

sub-vectors. For e.g.,

2 1 1
11 =11]+10 P
1 0 1 #

Sub-vectors (decomposition) must be:
1) Non-negative

2) Eliminate the local variables 1in weighted sums (A-local variables disappear

in the interpolant)
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Decomposed Farkas interpolant sica et a. tacasio;

Qfléo

$2—$1§O

5133—561§0

.CElSO

CIZ’Q—ZElg()

To + x3 <0

S. Asadi (USI Lugano)

$3—ZC1§O

1’330

Farkas-Based Tree Interpolation SAS 2020

Decomposed
Farkas interpolant

for (ANB | C)

ZCQSO /\ 333§O
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Combining LRA & Propositional is tricky ...

» Atoms could belong to several partitions in CNF formula (as opposed to

clauses)

p Careless labelling of theory clause can cause issues ...

S. Asadi (USI Lugano) Farkas-Based Tree Interpolation SAS 2020
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Combining LRA & Propositional is tricky ... (cont’d)
CNE: Theory Clause in LRA:
a<b (a<c)Vr, b<ec, (a<c)Vy, TVY cl (a<b)V(b<c)Va<c
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Combinin
positional is tri
cky ... (cont'd
' )

CNF:
Theor:j Ctause i LKRA:

ca < b
<b, (a<c)Vz,b<c (a<c)Vy, TVY
a < ¢

0

First, compute partial

interpolants for the leaves

/ < o\ of the resolution promc
y Y Then compute partial

nterpolants for inner nodes

a S cCV\ x
Y
as 2 combination of
\ T / nterpolants of parent nodes.
is the

/ The final ‘nterpolant |
partial interpolant of the root

1
of the resolution proof.

S. Asadi (USI Lugano)
Farkas-
as-Based Tree Interpolation SAS 2020
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Combining LRA & Propositional is tricky ... (cont’d)
CNE: Theory Clause in LRA:
a<b (a<c)Vr, b<ec, (a<c)Vy, TVY cl (a<b)V(b<c)Va<c
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Combining LRA & Propositional Is tricky ... (cont’d)
CNF: Theor:j Clause it LRA:

®:a<b (a<c)Vax, b<c, (a<c)Vy, TVY cl (a<b)V(b<c)Va<c

Partitions: A B
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Combining LRA & Propositional Is tricky ... (cont’d)

CNE: ‘T‘heortj Clause in LRA:
®:a<b (a<c)Vax, b<c, (a<c)Vy, TVY cl (a<b)V(b<c)Va<c
Partitions: B

Binary interpolation Binary partitioning of Resulting
problem theory clause interpolant of cl

(A | BAC)
(B | ANC)

(ANB | C)
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Combining LRA & Propositional Is tricky ... (cont’d)
CNE® Theory Clause in L(‘EA
p:a<b (a<c)Vr, b<ec (a<c)Vy, TVY cl :(a <b)V a<c

)
Partibtions: B 'g

Binary interpolation Binary partitioning of Resulting
problem theory clause interpolant of cl
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(B | ANC)

(ANB | C)
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Combining LRA & Propositional Is tricky ... (cont’d)

CNE Theory Clause in L(‘EA
®:a<bi(a<c)Vaz, b<c, (a<c)Vy, TVYy cl (a<b)V Via < ¢
A V
Partikions: B B ?
iz
"
Binary interpolation Binary partitioning of Resulting
problem theory clause interpolant of cl
(A| BAC)
(B| AANC)
(ANB | C)
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Combining LRA & Propositional Is tricky ... (cont’d)

CNF: Theor:j Clause in L(‘EA
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: %/
Partikions: B B ;;p
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> g

Binary interpolation Binary partitioning of Resulting
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Combining LRA & Propositional Is tricky ... (cont’d)

CNF: ‘T‘heortj Clause in L(‘EA
®:a<bi(a<c)Vaz, b<c, (a<c)Vy, TVYy cl (a<b)V c) Via < ¢
: %/
Partikions: B B ;;p
iz
> g

Binary interpolation Binary partitioning of Resulting
problem theory clause interpolant of cl

(A[BAC)  a<c inB  [F=g<i

(B | ANC) a<C in Ih =b<c

(ANB | C) a < c

~ T

IEB:J—
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Combining LRA & Propositional Is tricky ... (cont’d)

CNF: ‘T‘heortj Clause in L(‘EA
®:a<bi(a<c)Vaz, b<c, (a<c)Vy, TVYy cl (a<b)V c) Via < ¢
N’ V

Partitions: B B ?
iz~
i

Binary interpolation Binary partitioning of Resulting a o7 .
problem theory clause interpolant of cl Iy Nl = [,g

(A[BAC)  a<c inB  [F=g<i

a<bAb<lc =X |

(B | ANC) a<C in Ih =b<c

(ANB | C) a < c

EF - .
< o I =1 Violates the strong —

TIP N\
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Solution: Proper Labeling
to determine the partitioning of theory clauses

Binary interpolation Binary partitioning Resulting
problem of theory clause interpolant of cl
(A ‘ B N C) a < C -
(B|ANC) a < C in I}g:bgc

(ANB | C) a < c

~ N ]IZB = 1

S. Asadi (USI Lugano) Farkas-Based Tree Interpolation SAS 2020
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Solution: Proper Labeling
to determine the partitioning of theory clauses

A partitioning of every theory clause should be

beforehand and stay fixed for all interpolation queries
for the same unsatisfiable formula.

Binary interpolation Binary partitioning Resulting
problem of theory clause interpolant of cl
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~ N ]IZB = 1
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Solution: Proper Labeling
to determine the partitioning of theory clauses

A partitioning of every theory clause should be

beforehand and stay fixed for all interpolation queries
for the same unsatisfiable formula.

Binary interpolation Binary partitioning Resulting . - .
problem of theory clause interpolant of cl Iy N\ 1g > Ian
(A ‘ B A C) a < Cc o
— " [y =a>c a>cANb<c¢c = L
(B|ANC) a < C in I}g:bgc
- Strong TIP holds for
(A/\B|C) a < c I'yp =L

— ' FARKAS interpolants! L:j
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TIP in Farkas Algorithm (Proof by Induction)

Theorem 1 (strong TI in Farkas interpolation). Let X AY A Z be an ]
~unsatisfiable partitioned CNF formula in LRA and let P be its properly labeled
resolution refutation. Let Itp” T denote the interpolation algorithm that uses l
- Pudlak’s algorithm for the propositional part and Farkas algorithm for the theory
clauses. Let Ix, Iy, and Ixy be the binary interpolants Itp* ™% (X |Y A Z),
P+Ey XNZ), and ItpP“LF(X/\Y Z ), respectively. Then IX Aly) =

4 Theorem 2 (generallzmg strong TI in Farkas 1nterpolatlon) Let X 1 A |
NXNZ,n > 2, be an unsatisfiable partitioned CNF formula in LRA and let P l.
\ be its properly labeled resolution refutation. Let Itp P8 denote the interpolation ’
algorithm that uses Pudldak’s algorithm for the propositional part and Farkas !
~algorithm for the theory clauses. Let Ix,, ..., Ix , and Ix, x, be the binary |
interpolants Itp” ™ (X1 | XaoA.. .ANX,AZ), ..., [tpP+F(X I XiA. AXn 1 ANZ)
, and ItpP+F(X1 NXy, | Z), respectively. Then (Ix, N...Nlx, ) = Ix,. x. ,
K the tuple (I X1+ - I X, ,I X,..X,) has the strong t'ree znterpolatwn pmpe’rty

—

Corollary 1. Thtpp,r+r 1s a tree mterpolatwn algomthm that s, it comput
| tree interpolants. | B
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TIP in Farkas Algorithm (Proof by Induction)

Theorem 1 (strong TI in Farkas interpolation). Let X ANY A Z be an

unsatisfiable partitioned CNFE formula in LRA and let P be its _nre="" "labeled
resolution refutation. Let Itp” T* denote the interpole USES
Pudlak’s algorithm for the propositional nas* Y
clauses. Let Ix, Iy, and Ls==" _ ),
Ip" (Y | X A2 strong/weak TIP in Farkas -

Theorem 2 (ge1
L NXGNZ > 2

be its property tab always guaranteed for an
algorithm that us ——

algorithm for the theory clausessw arbitrary number of partitigns
interpolants Itp" T (X1 | XaA. .. A2 Z) 00

and [tpP+F(X1 A...NX, | Z), respeec. . Then (Iy
i.e., the tuple (Ix,,...,Ix,,Ix, x,) % ge-interpolation e,

Interpolation Algorithm is
Theorem P S

y ./\11‘714;

CT— . L ——

Corollary 1. TIlpp,r+r is a tree"interpolation algorithm, that is, it computessy
tree interpolants.

S. Asadi (USI Lugano) Farkas-Based Tree Interpolation SAS 2020 18



Negative results of guaranteeing TIP

The following binary interpolation algorithms cannot be used as a basis of a

tree interpolation algorithm:

-~ Dual Farkas interpolation algorithm

.., Flexible Farkas interpolation algorithm

.«» Dual decomposing Farkas interpolation algorithm

S. Asadi (USI Lugano) Farkas-Based Tree Interpolation SAS 2020
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Outline (Open Issues and Contributions)

- Overview on different binary interpolation algorithms in LRA
1) FARKAS f

2) DuAL FARKAS x

3) FLEXIBLE FARKAS x

4) DECOMPOSING FARKAS

5) DUAL DECOMPOSING FARKAS x
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TIP In decomposed interpolants

TIP is not guaranteed in general for the decomposed

interpolants ... 2

. BUT
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TIP In decomposed interpolants

TIP is not guaranteed in general for the decomposed

interpolants ... 2

. BUT

We can define a constraint on the decompositions that

| 0 0

guarantees the TIP! &
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Constraints on decompositions to guarantee TIP

The inequalities resulting from
supersystem’s decomposition must be logically covered by the

inequalities of subsystem’s decomposition

How to achieve monotonic decompositions? By

S. Asadi (USI Lugano) Farkas-Based Tree Interpolation SAS 2020
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Gradual Decomposition

A method to restrict possible decompositions used by the

decomposing Farkas algorithm

This ensures the requirements of tree interpolant
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(X ANY N7 |—|_> Projection /
. '\ Independent restriction
1+ o O
Gradual decomposition . (X ANY|Z) decomposition °2 .
(X| Y A Z) —
ecomposition
£T = (1,1,1,1,1,1) £T = (1,1,1,1,1,1)
Z Z
@ {(1,1,1,1,1,1)T} = Dq @
{(17171717171)T} :DO
(1,1,1,1,1)7 £1., = (1,1,1,1,1)
4 4
(Y) {(1,0,0,1,1)7,(0,1,1,0,0)7} = D ) {(1,0,0,1,1)7,(0,1,1,0,0)T} = D3
) )
24
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.. 0 o ) Independent restriction
o0
Gradual decomposition . (X ANY|Z) decomposition °2
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4
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Y Y
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Y

X
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(X ANY N7 |—|_> Projection /
o ( b ) Independent restriction
o0
Gradual decomposition . (X ANY|Z) decomposition °2
(X‘ Y A Z) Decomposition
fT =(1,1,1,1,1,1) fT=(1,1,1,1,1,1)
4
2 {(1,1,1,1,1,1)T} = Dg
{(17171717171)T} :DO
restriction of Farkas coefficients to the subsystem XY
(1,1,1,1,1)7 f v =(1,1,1,1,1)
The decomposition

v v

@ {(1,0,0,1,1)7,(0,1,1,0,0)"} = D3 @ {(1,0,0,1,1)7,(0,1,1,0,0)T} = D3

® ®
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Gradual decomposition o o

fT =(1,1,1,1,1,1)

(XAY ANZ|T)
(X AY|Z)
(X| Y AZ)

Z
Q {(17171717171)T} — DO
(1,1,1,1,1)7
Y
@ {(170707171)T7(071717070)T} :DS
(1,0,0,1)T (O,l,l,O)T
Y
@ S {(170707 1)T7(0717170)T} :Dl

S. Asadi (USI Lugano)
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f1. =(1,1,1,1,1)

Projection
| ndependent resiriction/
o O
decomposition /\
Decomposition
£T = (1,1,1,1,1,1)
{(1,1,1,1,1,1)T} = Dy

{<17 07 07 ]-7 1)T7 (07 17 17 Oa O)T} — DS
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| (X ANY NZ |—|_> Projection /
_ | Independent restriction
Gradual decomposition . (X ANY|Z) decomposition °2 .
(X| Y 7 2) —
ecomposition
FT = (1,1,1,1,1,1) FT = (1,1,1,1,1,1)
Z Z
@ {(1,1,1,1,1,1)T} = Dy @
{(17171717171)T} :DO
(1,1,1,1,1)7 1., =(1,1,1,1,1)
Y Y
(¥) {(1,0,0,1,1)7,(0,1,1,0,0)T} = D3 ¥) {(1,0,0,1,1)7,(0,1,1,0,0)T} = Dj
(1,0,0,1)T (0,1,1,0)" fry=01,1,1,1)

@ -~ {(1,0,0,1)7,(0,1,1,0)T} = Dy @
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Gradual decomposition o o

fT =(1,1,1,1,1,1)

(XANY ANZ|T)
(X \NY|Z)
(X|Y A Z)

Z
Q {(17171717171)T} — DO
(1,1,1,1,1)7
Y
@ {(170707171)T7(071717070)T} :DS
(1,0,0,1)T (O,l,l,O)T
Y
@ S {(170707 1)T7(0717170)T} :Dl
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f1. =(1,1,1,1,1)

fT = (1,1,1,1)

Projection /

Independent s
o o o resiricrion
decomposition N\
Decomposition
fT =(1,1,1,1,1,1)
{(17171717171)T} :DO

{<17 07 07 ]-7 1)T7 (07 17 17 Oa O)T} — DS

{(17 17 07 O)T7 (07 07 17 ]-)T} — D2
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.. | (X‘ A Z) Independent restriction
Gradual decomposition '\/’ (X NY|Z) decomposition 0/\0
(X ANY NZ ‘T) Decomposition
fT = (1,1,1,1,1,1) fT = (1,1,1,1,1,1)
Z Z
@ {(1,1,1,1,1,1)T} = Dy @
{(17171717171)T} :DO
(1,1,1,1,1)7 f1. =(1,1,1,1,1)
Y Y
) {(1,0,0,1,1)7,(0,1,1,0,0)"} = D3 ¥) {(1,0,0,1,1)7,(0,1,1,0,0)T} = D3
(1,0,0,1)T (0,1,1,0)T fe=(1,1,1,1)
4
(X) - {(1,0,0,1)7,(0,1,1,0)T} = Dy @ {(1,1,0,0)7,(0,0,1,1)T} = Dy

S. Asadi (USI Lugano)

Farkas-Based Tree Interpolation SAS 2020

Projection /

25



Number of conjuncts in I*

Experiments:
Farkas (/ E ) vs. Decomposed Farkas (I D) tree interpolants

Benchmarks: 514 QF LRA UNSAT formulas, up to 12k LoC

91% of benchmarks jP
have strictly more

conjuncts ' :
B X
i 7 | 10° E
! - : il : :
102 | < : s | :
= 102 E
X = - .
1 ” ks I ]
10 | E 3
i X XX : 2 10t} E
B P | g - -
: X XX X - ~ i |
. X XX X XX . B X X XX -
100F x~ X xx xXx . 100 77 X XX XX -
- o o o L] RN RN RN L
100 101 102 10° 10 10 10°

Number of conjuncts in I”

In practice interpolation algorithms are substantially different a
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63% of benchmarks I
have fewer atoms

T T7TT]

Number of atoms in I'”

{

nd complementary! |
*——_——————4
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Conclusion

» Investigated the necessary conditions for the for five state-of-the-art
LRA interpolation algorithms. Interpolation algorithm TP
Farkas v
Dual Farkas X
Decomposing Farkas ve
Dual Decomposing Farkas X
Flexible Farkas X

» Lifted a recently introduced approach producing conjunctive LRA interpolants to tree

interpolation by introducing

» Opening the possibility of using different proof-based interpolation portfolios in applications
that require TIP.
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